Considering the driver's sensing the headway and velocity the different time-varying delays exist, respectively, and the sensitivity of drivers changes with headway and speed. Introducing the fuzzy control theory, a new fuzzy car-following model with two delays is presented, and the feedback control strategy of the new fuzzy car-following model is studied. Based on the Lyapunov function theory and linear matrix inequality (LMI) approach, the sufficient condition that the existence of the fuzzy controller is given making the closed-loop system is asymptotic, stable; namely, traffic congestion phenomenon can effectively be suppressed, and the controller gain matrix can be obtained via solving linear matrix inequality. Finally, the simulation examples verify that the method which suppresses traffic congestion and reduces fuel consumption and exhaust emissions is effective.
Introduction
Traffic congestion has become serious in recent years with the increase in traffic demand. Many traffic flow models were proposed to understand the mechanism of traffic congestion. Yu et al. [1] presented a new car-following model considering the velocity of a proceeding car. Zhang et al. [2] investigated the effect of the ideal speed of a driver on the stability of traffic flow. Sun et al. [3] verified that the average speed of a certain number of ahead cars could enhance the stability of traffic flow. Liu et al. [4] established a mixed car-truck car-following model based on the road of hybrid vehicles. Saifuzzaman et al. [5] investigated the behavior of drivers who use cell phones, which affects the stability of traffic flow. Tang et al. [6] proposed an improved car-following model under the intervehicle communication (IVC) system. Reichardt et al. [7] proved that the IVC system effectively improves vehicle safety and driving comfort. Kerner et al. [8] analyzed the stability of traffic flow under the traffic radio communication technology. Other studies on the car-following model are indicated in [9] [10] [11] [12] .
Although many scholars investigated car-following models, current studies on this topic are limited. (1) A previous article that regarded delays as constant is idealistic. A previous work [13] indicated that the delays of the driver should slowly fluctuate within a certain range. (2) Previous studies regarded sensitivity as a constant conflict in an actual situation. However, experimental analysis indicates that the sensitivity of the driver changes with headway and velocity. The sensitivity of drivers in crowded roads is generally slightly higher than that in open roads. Section 2 presents a class of Takagi-Sugeno (T-S) fuzzy time-varying delay car-following model to overcome the limitations of the traditional carfollowing model. In Section 3, the sufficient condition of the stability of T-S fuzzy car-following models is presented, and the design of the fuzzy controller is given in Section 4. Finally, through the simulation example verified that the method which suppresses the traffic congestion is effective (Figure 1 ).
Model
In this paper, a class of T-S fuzzy car-following systems with two delays is given. The fuzzy rules of can be described as follows: 2 Journal of Control Science and Engineerinġ
where , = 1, 2, = 1, 2, . . . , , are the fuzzy sets, ( ) > 0 is the headway between vehicle − 1 and vehicle at time , V ( ) is the instantaneous velocity of vehicle at time , is the sensitivity of the driver of vehicle under the rule , (⋅) is the optimal velocity function, and 1 ( ), 2 ( ) are the time delay functions in sensing the headway and velocity, respectively, which satisfy the following expression:
where 1 , 2 , 1 , 2 are known constants and 1 , 2 are the maximum delays of sensing headway and speed, respectively, which initialized ( ), V ( ) as follows:
where ( ), ( ) are the continuous differentiable functions. The general model for the fuzzy control system is expressed as follows:
where
(V , ), where (V , ) is membership degree of (V , ) for fuzzy set . If we set ℎ (V , ) = (V , )/ ∑ =1 (V , ), then (4) can be rewritten as follows:
where ℎ (V , ) ≥ 0 and ∑ =1 ℎ (V , ) = 1. The following nonlinear optimal velocity function is selected:
where V max represents the maximum speed and represents the safe distance.
Assuming that the head car runs with constant speed V 0 , the stable state of the fuzzy car-following model (5) can be expressed as follows:
By defining error variables ( ) = ( )− * and V ( ) = V ( )− V * , we obtain the closed-loop dynamic system as follows:
where (8) can be rewritten as follows: 
Thus, the fuzzy car-following model (5) satisfies asymptotic stability.
Proof. The Lyapunov-Krasovskii function ( ) = 1 ( ) + 2 ( ) + 3 ( ) is constructed as follows:
where , , ( = 1, 2) is the positive definite matrix. Considering the given conditions (2) and the derivative of (19), we obtain the following expressions:
Using Jensen's inequality, we derive the following expression:
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Similarly,
For any 1 > 0, the following expression is established:
] using the Schur complement lemma. Thus, we obtaiṅ≤ Π ( )ΩΠ( ) through the following expression:
Using (11), we obtaiṅ( ) < 0. Thus, the fuzzy car-following system (1) satisfies asymptotic stability.
The Design of the Fuzzy Controller
A local feedback controller is designed in each subsystem to suppress traffic congestion and ease traffic pressure as follows:
where is the gain of the controller. By synthesizing each local controller, we obtain the global fuzzy controller as follows:
By applying controller (19) to the fuzzy car-following model (4), we obtain the closed-loop car-following system as follows:V
Based on the error variable ( ) = ( ) − * , V ( ) = V ( ) − V * , we obtain the following error dynamic equation through (8) and (20): 1, 2, . . . , ) .
(21)
21) can be rewritten as follows:
Journal Proof. Constructing the Lyapunov-Krasovskii function ( ) like in the derivative of (12), we obtain the following expres-
Then, we define
. By applying the Schur complement lemma, we obtaiṅ≤ Π ( )ΩΠ( ): 
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We set = 1 . Using (24), we obtaiṅ( ) < 0. Thus, the closed-loop car-following system (22) satisfies asymptotic stability.
Numerical Simulation
Assuming that 11 cars are running on a single lane without overtaking under an open boundary and the head car runs at constant speed V 0 = 0.964 m/s, maximum speed V max = 2 m/s, and safe distance = 2 m according to the literature [13] , the delay function of the sensing speed and headway is set as follows: For convenience, we introduced fuzzy control theory and categorized sensitivity into strong, moderate, and weak, as well as speed and headway into three categories; the specific division and fuzzy rules can be obtained from Figure 2 .
We assume that the velocity of the head car was reduced to zero, thus suffering external disturbances between 100 s and 102 s. Figure 3(a) shows the speed-time curve of cars 1, 6, and 11 without the controller. Figure 3(b) indicates the speed of all vehicles with the time image between 90 s and 200 s. Figure 3(c) describes the space-time image of all the cars. When the head car suffers external interference, the speed of each vehicle is significantly affected and the headway exhibits severe fluctuations. Moreover, the return of each vehicle to the desired velocity V 0 should entail substantial time. Thus, traffic congestion easily occurs.
By solving Theorem 2, the fuzzy controller is obtained. Figure 4(a) illustrates the speed curve of vehicles 1, 6, and 11 with a fuzzy controller. Figure 4(b) shows the speed-time image of all vehicles with the fuzzy controller. Figure 4(c) depicts the headway-time image of all vehicles with the fuzzy controller. Figure 4 indicates that the convergence capability of the vehicles is strengthened. Moreover, the time that the vehicle speed returns to the stable state and the vibration range between the vehicle headway decreases. Thus, the fuzzy controller effectively suppresses traffic congestion.
The simulation results verified the efficiency of the fuzzy controller in reducing fuel consumption and exhaust emissions. The traffic emission model is time-consuming. Thus, we applied the VT-Micro model in the present work [14] . This model mainly demonstrates the relationship of fuel consumption and exhaust emission with the speed and acceleration of a vehicle. The relationship is deduced from the following equation:
where MOEe represents the instant emission or the instant fuel consumption ratio.
, represents the related regression coefficient, and the specific value can be obtained from literature [14] . Figure 5 demonstrates the curve of the cumulative fuel consumption with the emission of CO, HC, and NO in vehicles with and without the fuzzy controller. The exhaust emissions and fuel consumption of vehicles with the fuzzy controller are lower than those without the fuzzy controller. This result verifies that the fuzzy controller effectively reduces fuel consumption and exhaust emissions.
Conclusion
Considering the driver existence, the time delay, when drivers sense headway and velocity, and the sensitivity of drivers fluctuate with headway and velocity. Based on this, a class of T-S fuzzy car-following model and the stability of this model are investigated. Using the Lyapunov function, the sufficient condition that the fuzzy controller exists is given, which makes the closed-loop car following model satisfy the asymptotic stability, and by solving the LMI, we can obtain the fuzzy controller. We compared the velocity-time image and headway-time image of the following cars with and without the fuzzy controller when the head car suffers external disturbance. The velocity and headway fluctuation of all the vehicles were effectively alleviated. Vehicles with the fuzzy controller equilibrated faster than vehicles without the fuzzy controller; meanwhile the fuzzy controller can effectively reduce the exhaust emission and fuel consumption. This research can promote the development of the car-following model. This method can be applied to the controller design of autonomous cars in a connected vehicle network environment. However, the current research only focuses on vehicles running in a single lane. We will continue to investigate the car-following behavior in more complex environments. 
